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In this paper we present a linear stability analysis for an unbounded, vertically
stratified fluid which has compensating horizontal temperature and salinity gradients,
so there is no horizontal density gradient. We obtain the most unstable perturbation
for given linear horizontal and vertical gradients and calculate the growth rates, the
vertical lengthscale of the intrusion and the slope of the intrusion to the horizontal.
We show that the system is most unstable to two-dimensional disturbances and that,
except for a small region in which the temperature stratification is unstable and the
salinity stratification is stable, the most-unstable disturbance is non-oscillatory. We
also obtain a solution to the fully nonlinear equations and calculate the fluxes of heat
and salt. The nonlinear solution shows that alternating interfaces of salt-finger and
diffusive interfaces will eventually appear on the intrusion when the vertical
stratifications are both stable.

1. Introduction

It is now recognized that there are several mechanisms that can lead to the
formation of layers in the temperature and salinity fields in the ocean. In this paper
we investigate how layers may be set up owing to the presence of horizontal gradients,
in order to gain a better understanding of the interleaving that can oceur at oceanic
fronts. Layers that probably owe their existence to the presence of horizontal
gradients have been seen in the observations of Stommel & Fedorov (1967), Horne
(1978) and Gregg (1975, 1979) amongst others. It is observed that in these regions
the temperature and salinity gradients are compensating and the density surfaces are
almost horizontal.

Laboratory experiments of Thorpe, Hutt & Soulsby (1969), Wirtz, Briggs & Chen
(1972) and Ruddick & Turner (1979) demonstrate that stratified fluids with horizontal
gradients of temperature and salinity are unstable to horizontal interleaving.
Previous theoretical work (Stern 1967; Toole & Georgi 1981) assumes that it is
necessary to have salt fingers in order to obtain the interleaving instability. Toole &
Georgi assume that the fluxes of heat and salt in the vertical are dominated by
transports due to the presence of salt fingers. They model the fluxes by using uniform
eddy diffusivities and by taking the ratio of the fluxes of heat and salt to be equal
to a constant, y. In this paper we start from the state of rest and show that purely
molecular processes will lead to the growth of the interleaving instability. The
instability is shown to grow until the vertical gradients of temperature and salinity
caused by the interleaving are large enough to set up diffusive and salt-finger
interfaces on the intrusions. This paper presents a study of the process by which the
interleaving appears. The earlier work has examined, in a heuristic manner, the later
stages of development of the instability when the interleaving has itself become
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unstable and has acquired salt-finger and diffusive interfaces. The results of Toole
& Georgi can be obtained from this paper, for the non-rotating case, by replacing
the molecular diffusivities used here with the eddy diffusivities that they use.

The model presented here allows for linear horizontal and vertical gradients of
temperature and salinity. We consider flow in an unbounded fluid, since for oceanic
problems the boundaries are usually a long way away, compared with the scale of
the intrusion. The scales are then determined by the fluid properties, just as they are
for salt fingers in an unbounded fluid (Walin 1964). In §2 we present the linear
stability analysis for an unbounded region of incompressible fluid and obtain the
characteristic equation for the growth of periodic perturbations. In §3 we find the
solutions of this equation which have maximum growth rates for given temperature
and salinity gradients. We obtain the lengthscale of intrusions and their slope to the
horizontal corresponding to the maximum growth rates. In §4 we find the flux ratio
corresponding to the maximum growth rate. In §5 we obtain a solution to the fully
nonlinear equations. This solution shows that if both vertical stratifications are
initially stable then the instability will grow and when it is large enough salt-finger
and diffusive interfaces will appear on the intrusion. These interfaces are maintained
by the instability and they can be seen in the experiments of Ruddick & Turner (1979).

2. Linear stability analysis

Suppose we have an unbounded region of incompressible fluid, which contains both
temperature and salinity variations. We suppose that there is no horizontal variation
in the density field, so that the temperature and salinity fields compensate each other
horizontally. The vertical temperature and salinity gradients may be stable or
unstable. The situation that is particularly interesting is when both the temperature
and salinity gradients are vertically stable, so that the temperature increases with
height and the salinity decreases with height. Even in this apparently stable situation
the horizontal temperature and salinity gradients drive an instability. This instability
leads to the interleaving that is seen in the laboratory experiments of Ruddick &
Turner (1979) and it is likely that it is sometimes responsible for finestructure layering
in the ocean (see Fedorov 1978).

The coordinates are chosen with z measuring distance vertically upwards and x
horizontal. We show in the appendix that there is a Squires transformation for this
system and use it to show that the system has the largest growth rates for
two-dimensional perturbations. We therefore consider only two-dimensional per-
turbations. We suppose that the temperature and salinity fields have linear horizon-
tal and vertical gradients, so that the undisturbed temperature and salinity fields
are given by

To+T,x+ T2, So+8,2+8,z. (2.1)
We suppose that the density field is given by
p = po(1—aT+ g8}, (2.2)

where T and § are the temperature and salinity, and o and £ are the coefficients of
expansion for heat and salt, defined so that a and g are both positive. We require
that there is no horizontal variation of the undisturbed density field, so

oI, = f8S,. (2.3)
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We shall always assume S, > 0, i.e. the z-direction is in the direction of increasing
salinity. The stream function  is defined by
oy 4
== w=oo, (2.4)
where u is the horizontal velocity and w is the vertical velocity. The perturbations
to the temperature, salinity and pressure fields are 7', S and p. The linearized
equations for vorticity, temperature, salinity and pressure are then

V%ﬁmi (T — f8))+ vViy, (2.5a)
aT Ws Wm .
st b5, T=raV'T, (2.5b)
We Wa _ v
at + % =8,— aS’ = kg V28, (2.5¢)
0
Vip = pog 5 (@T—fS). (2.54)

These equations are easily manipulated to obtain an equation for ¥ :

) e
(a k7 V % hvV? 3 ks V2 )V

= — o (5%, V) 3 + 085 (5 —xr V1) o + 083k —x5) V*

Y
0z 0z’

(2.6)

This is a linear equation with constant coefficients and so the solution will be a
superposition of solutions of the form

¥ = Re{y, exp (i(kx + mz) + AL)}, 2.7)

where i, is a complex constant, k and m are the horizontal and vertical wavenumbers,
the real part of A is the growth rate and the imaginary part of A is the frequency.
Substituting this solution into (2.6) yields the characteristic equation
(A+vp?) A+ kp p?) A+ ks p?) p2 + Agh*(aT, — AS,)
T, £8S, -
+9k*p’k sk (% - %—z> + 988 (kp—Ks)kmyu® = 0, (2.8)
T 5

where y = (k*4m?)} is the absolute wavenumber. The solution (2.7) is then unstable
if Re (A) > 0. Neutral stability occurs if A = 0 or if A = 0 or if A is pure imaginary

(s0 A = iw).
(i) If A = 0, substituting into (2.8) gives
T, B8,
vesKpp® = —gk*k g K (i’z' A > —9BS.(kp—Ks) km. (2.9)
Ky  Kg

If S, # O there is always a solution to this when

_ T,
ﬂsz(KT“Ks)rz <KsKr (ﬁ - h)-

e (2.10)
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FiGUuRE 1. Schematic illustration of slope of wavefronts for the direct mode of instability,
when the vertical gradients are stable.

Cold fresh

There are always values of m/k for which this condition holds and hence, by choosing
u smaller than the value given by (2.9), the system will always be unstable. If al, >0
and 88, < 0, so that both components are vertically stable, then (2.10) gives m/k < 0
(since S, > 0 and kp > kg). This means that the wavefronts tilt as shown in figure
1, with the result that hot salty fluid lies above cold fresh fluid between any wave-
fronts. This situation is analogous to the salt-finger regime when there are vertical
gradients. There is experimental evidence that wavefronts do slope in this direction
(Thorpe et al. 1969). If S, = 0 there is only a solution to (2.9) when A8, /xs > aTl/kp.
If a7, < f8,, so that the system would be unstable in the absence of any dissipation,
then, since kg < K, there is always a direct instability. If aT, > 8, then there is only
aninstability if 8S,/kg > aT,/«p. Thisis the condition fortheex1stence ofsalt-fingering
in an unbounded region (Walin 1964). As S, increases from zero, the interleaving
instability immediately starts to grow.

(ii) If A = iw, with o real, there is a transition to an oscillatory instability.
Substituting into (2.8) and equating real and imaginary parts gives

: 9K

W 5 (a]—’z—ﬂgz)+(VKT+VKS+KSKT)/1,4
-1 km  gk? (aT BS, )}
- vt Kp+Ks [VKTKS/‘ +gﬂS (kp—Ks)— /‘ + = /‘ 7 Ks K ;;——- P . (2.11)

In order for (2.11) to have a solution, it is necessary that u? > 0, with w real. This
requirement gives two conditions. First x#* > 0 requires that

— m __ _
BS.lkp—ks) T > aly(v+Kp)— S, +Ks), (2.12)

and secondly w? > 0 requires that .
ﬂgz(KT—KS)(VKT+VKS+KSKT)% > (v+kg) k3 S, — (v4kp) ki al,.  (2.13)

If oT,— BS, > 0, so that the vertical stratification is statically stable, then condition
(2.12) implies that condition (2.13) is also true. If a7, — 4S, < 0 then condition (2.13)
implies condition (2.12). The values of m/k can always be chosen so that there is an
oscillatory instability. In the case where a7, > 0 and 48, < 0, then (2.12) gives
m/k > 0, so the wavefronts tilt in the opposite direction to their tilt in the stationary
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instability. If S, = 0, then, using (2.12) and (2.13), there can only be oscillatory
instability when a7, < 0 and 88, < 0, so the temperature gradient is unstable and
the salinity gradient stable. In this case the oscillatory instability can only occur when

vtis _al, (v+xg)kk

i . 2.14
v+apr PSS,  (wtkp)ih ( )

For short waves, i.e. g — 00, the values of A obtained from (2.8) are —vu?, —kpp?
and —«xg % Hence short waves always decay. For long waves, i.e. 4 — 0, the diffusion
ceases to be important and (2.8) has the solution

Ko
A= -‘-i-ﬁ (@T.— f8,). (2.15)

If oT, > BS, then A is pure imaginary and equal to the buoyancy frequency of the
fluid, so long waves propagate through the fluid like internal wavesin a non-dissipative
fluid. If a7, < 8S, then the fluid is top-heavy and (2.15) gives the initial growth rate
for the overturning of the fluid. This growth will be maximum if m = 0, so the fluid
moves directly downwards. This is the standard convective instability, which always
occurs on the largest available lengthscale. This instability only depends on the fluid
being top-heavy. It exists in the absence of diffusion. The double-diffusive instability,
that leads to interleaving, occurs for a7, > fS,, i.e. when the fluid is bottom-heavy.

3. The most-unstable mode for given gradients

We have seen in §2 that in the presence of horizontal temperature and salinity
gradients the fluid is unstable for any vertical distribution of temperature and
salinity. In this section we find the maximum growth rates of this instability and
the wavenumbers and wavefront slopes associated with the maximum growth rates.

If the growth rate Re(A) is maximum then, if A is real so the instability is
non-oscillatory, the maximum growth occurs when

A

@=%— (31)

Hence for non-oscillatory modes the maximum growth is obtained by differentiating
the characteristic equation (2.8). This leads to two equations, which should be solved
with (2.8) to find the values of A, £ and m for maximum growth:

A(v+ap+ig)+22Aut(vkp+vkg+ kg Kp)+3vkp kg pt
k? gﬂgx(KT_KS)k

—/\9!7 (2T — BS,) + om =0, 32
9@f,~pS) _ _ (@ _ ﬁ&) _0BSs e
/\—7—“ = —gKgsKr P Ks okm. (kp—kKs) (M?—k?). (3.3)

For the oscillatory modes when A = A, +iw with w non-zero, the maximum growth

occurs when
0A, 0A,
& om (34)
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Taking real and imaginary parts in (2.8) leads to two equations (if w % 0):

0 = 32422, P v+ kp+Kkg)+putvkp+vks g p)+ %f;—z(aﬁ—ﬂgz), (3.5)
BATHBAZp (v +kp+kg)+ 22 p[(v+kp+k5)2+ (vkp+vkg+KgKp)]
+uf{(v+krp+ks) (vKp+vKs+KsKkp)—VKsKr)]
+2/\,g-’—t’f;(a£l",— B8,) +gk*aT,(v + k1) — gk®BS,(v + ks) — gBS,(k p — kg) km = 0. (3.6)

Differentiating (3.6) with respect to k and m, to find the maximum growths, gives

BANv+kp+ig)+H4A p v+ kp+Kg)2+ (vkp+vkg+KsKr)]

+3[L4[(V+KT+K5) (VKT+VK5+KSKT)—VK5KT]

— =k gBS,(kp—kg)k
—2/\rg(aTz—ﬂSz)/7———————” 2fn S/ =90, (37)

22, g(aT,— BS,)

) 4 988alkr—Ks) (m— k%)

e = gBS,(v+«s)—gaT(v+ Ky ST (3.8)
We now non-dimensionalize the equations for maximum growth. We define
= A g 985% Rp= gaT; Ry = 9Bs, (3.9)

- 9 - 4’ FER - 3°
Kpp Vkp VKr i VKT p

where H is a horizontal Rayleigh number, By is a thermal Rayleigh number and R
is a saline Rayleigh number. We also define
o=—, 7=1258 (3.10)
Kr Kr

where o is the Prandtl number and 7 the ratio of the saline diffusivity to the thermal
diffusivity.

Then for the non-oscillatory modes we obtain, by rearranging (2.8), (3.2) and (3.3),
the following three equations for maximum growth:

m 1
H=—23 i@+ @+1) g+, (3.11a)
2 +1 2 _ ;2
T=%_—_o'qq(l—‘r)[_q3+q(01+0+1)+2ﬂ+ p q(q+tr)(<1+1)], (3.11b)
—M[_ 3 2 —m? :|
5= Jroqi—m| ¢ TAOTHI+T)+20T+ A dgto) @+ | Bilo
For the oscillatory mode with maximum growth we obtain
m 1
H=20 iV (3.12a)
M 1 l:q,(mz—lﬁ) vV :|
T~ Bog(l—1) e g +o+n) WY, (3.12b)
_# 1 l:q,(mz—lﬁ) vV ]
RBs= koq, (1—1) e 2g+o+) W, (3.12¢)
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where
V=28¢+8¢(c+7+1)+2¢[(c+T7+1)°+(ocr+0o+T1)]+(0T+0+T)(C+T+1)—
W=—4¢i+q[(c+T7+1)+(or+0+7)]+(oT+0+T)(0+T+1)—
and ¢, is the real part of ¢q. By (3.5) we also obtain

2

k2
#ﬂ‘,=3q§+2qr(¢r+1+1)+(01+0'+1)+0'/?(RT——RS). (3.13)

To find the maximum growth for the non-oscillatory mode, (3.11) must be solved
simultaneously for ¢, k¥ and m, for given values of v, k, ks, aT}, BS, and g8S,. It is,
however, easier to solve the equations by substituting given values of ¢ and m/k,
which then gives values for H, R, and Rg, and hence gives the wavenumber for the
maximum-growth-rate disturbance, since the Rayleigh numbers depend on the
wavenumber. The equations for the oscillatory modes are solved in the same way.
The results obtained from (3.11) and (3.12) can be displayed by using a graph of
B8, /aT, versus BS,/aT,. For each point on the graph there is a maximum growth

rate, which is given by
— 2 ga"T| q
A=xpplq= (3.14)
|RT|2

There is a maximum growth rate for both the direct and the oscillatory mode. The
largest growth rate may be due to either a direct mode or an oscillatory mode. Usually
we find the growth rate is largest for the direct mode, a result which also applies when
S, = 0 (Baines & Gill 1969). The oscillatory mode only has a larger growth rate when
T is negative and ﬂSz/aT lies between 1 and (o +1)/(0+7), and for small values of
ﬂS /aT,. Whenever 7, is positive, so that the temperature gradient is stable, the
numerical results suggest that the non-oscillatory mode always has the largest growth
rate.

For each value of S, /a7, and 8S,/aT, there corresponds a value of R, which gives
the wavenumber for the maximum growth rate, since

«_ 90T,
ey (3.15)

There is also a value of m/k, the slope of the wavefront to the vertical, for each value
of g8, /aT, and 88, /aT,.

The results obtained from (3.11) are displayed in figure 2 for the case where o = 10
and 7 = g5, which corresponds approximately to the diffusivities for heat and salt,
and for 7, positive. It should be noted that values of 43, /aT, > 1 correspond to a
gravitationally unstable basic state. We see that if S, < 0 and 7] > 0 then as S, tends
to zero m/k tends to infinity, which means the interleaving wavefronts become more
horizontal, and R, tends to infinity, so # tends to zero.

We now look at some results we can find for any given values of o and 7.

(i) Forthedirect mode, B hasalocal minimum value, which occurs whenm/k = 0.
By (3.11) this minimum value of R, occurs when

(4(c+T1)or+ 02 —07

- 20 +71) (3.16)
The corresponding minimum value of R is
2
Ry = (g+1) (q(0'+'r)+2¢r*r)- (3.17)

oq(l—1)
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F1GURE 2(a, b). For caption see facing page.
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Fraure 2. Plots of 8S,/aT, versus 8S,/aT, for T, > 0 when ¢ = 10 and 7 = 0.01. (@) The contours
of the maximum dimensionless growth rate ¢/|Rft for the values &, &, 1 % % 1 and 2. (b)) The
contours of m/k corresponding to maximum growth for the values —&, —3, —1, —4, —16, —64
and —256. (¢) The contours of Ry corresponding to maximum growth for the values 2, 4, 16, 64,
256, 1024 and 4096. These contours give the wavelength, since Ry = gaT]/vkp pt.

At this point 3S,/aT, = 0 and

BS, _ (g+7)*(g(c+1)+20)
o, g+ 1) (glo+7)+207)

(3.18)

“hen o = 10 and 7 = {}; this happens when
¢=0.095, Rp=147 and pgS,/aT, =0.168.

The way that Ry increases away from the minimum can be seen in figure 2 (c). The
qualitative behaviour will be the same for al* values of o and 7, with the minimum
value of Ry given by (3.17).

(ii) For positive growth rates m/k = 0 if and only if 58, /aT, = 0 for both direct
and oscillatory modes. This implies that if there is no horizontal gradient the motion
with the maximum growth rate is a function of horizontal position only and that the
velocity is purely vertical, as it is in salt fingers.

(iii) For the direct mode as ¢—>0 then 8S,/aT, -0, 8S,/aT,—>1 and Rp— o, 80
41— 0. This is marginal stability for salt-fingering.

(iv) For the oscillatory mode as the real part of ¢ tends to zero then S, /a7, >0,
p8,/aT,—(c+1)/(c+7)and Rp—>— o0, s0 #—>0 and 7T, < 0. This is marginal stability
for the oscillatory mode.
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(v) Ifg— o0 and m/k # O then for the direct mode ﬂ;S;/afIZ» k/m, BS,/aT,—~1 and
Ry —>—o00. For the oscillatory mode 8S,/aT,—~k/m, f8S,/aT,~1 and Bp— 0.
(vi) If ¢ = A(k/m)* then, if a is positive, as m/k—0, g— c0. On this line, for direct

modes,
_ 1 _ 3<£>3a-—2 2<£>2u ]
RT_o'(l-—‘r)[ 24 p +A4 p” (oc+71)]|.

If « > 2 then Rp—>— 0, AS,/aT,—~ 0 and ﬂ;S_'z_/a’I_’z__—A. If « <2 then Ryp—> o0 and
pS,/aT,~>(@c+1)/(c+7). If 2> a > 1 then BS,/aT,~— o, and if 1 > a > 0 then
B8, /aT,—0. If & = 2 then R can be positive or negative depending on whether 4
is smaller or larger than (o + 7). Then

BS, 24—(c+1)
al, 24— (c+71)’

% = 0'(21{37) <£>5

For oscillatory modes, when ¢, = 4(k/m)*,

Ry = ?11:;—)[8/13 <£>M—2-4Az<-z->2a (0'+‘r+2)].

If & > 2 then Rp—> o0, fS,/aT,~ o0 and BS,/aT,—~1. If « < 2 then Rp—>— o0 and
A8, /aT,—~(c+27+1)/(c+7+2). If « = 2 then Ry is positive or negative depending
on whether A is larger or smaller than }(oc+7+2). The above results are useful in
obtaining and checking numerical results when g— o0 and m/k 0.

(vii) If a7, = 0 then for the direct mode

m? (g+7)(g+o)
RS=—<F—1>——T—, (3.19)
S. m +1
ffs?” =2t (3.20)
CET
and Ry = 0, which gives an equation for m/k in terms of ¢:
2
R+ o+ —qo+1)—20m) 5 = @+ D (glo+n)+20m).  (321)
(viii) If AS, = 0 then for the direct mode
2
RT=<%_1>(Q+1)(Q+U)’ (3.22)
S. m +7
e
2
(2¢°+q(g—7) (o +1)—207) 15 = (g +7) (g(o+1) +20). (3.24)

k2
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4. Fluxes
For a propagating mode
Y = yroeirtcos (kx+mz+A;t), 4.1)
where we assume that i, is real. Then, by (2.5b),
T = Re [n elrt pi(kz+mz+Ay t)], (4.2)
where
imT,—
b= (Ar +KT/L +1/\1 Vo (4.3)
S = Re[S, elrt elkz+mz+ait)], (4.4)
with
imS, —ikS,

Yo (4.5)

0=

A+ kg pu?)+iA,

The vertical convective heat flux averaged over a wavelength is given by

Fr = (wT), (4.6)
where { ) denotes an average over a wavelength, and the vertical salt flux will be
Fy = (w8). 4.7
Substituting from (4.1), (4¢.3) and (4.5) gives
1 mT,—kT,
FT—E(AI-'*'KT,M) +A2(A +KT,”‘ ka’ (4’8)
1 mS,—kS, o 112
FS 2 (A +Ksﬂ ) 2 (Al'+ KsH )k¢'0' (4'9)

Then, for direct modes when A; = 0, we obtain the flux ratio

aFr _ a(kT,—mT,) (A, + kg p?)
BEs  BkS,—mS,) A+ k7 p?)
_ (Bp—Hm/k) (g +7)

(Rs—Hm/k) (g+1)

(4.10)

By (3.11) this ratio equals

aFT= (g+1) (glo+T1)4+207)
BFs  (g+7)(glo+1)+20)

(4.11)

When S, = 0 (4.10) and (4.1) give flux ratios in direct agreement with those of
Schmidt (1979). The minimum value for the flux ratio is about 0.56 for o = 10 and
7 = 0.01, i.e. for heat and salt, and is about 0.83 when o = 1000 and 7 =1, i.e. for
salt and sugar. For general o and 7 the minimum value for the flux ratio occurs when

_oT+o(40 T +47—27(0+7) (0 + 1)}
B ot—(o+71)(0+1)

(4.12)

We display the lines of constant flux ratio for the case where o = 10 and 7 = 0.01
in figure 3.
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Ficure 3. Plot of gS,/aT, versus 88,/aT, for T. > 0 when ¢ = 10 and 7 = 0.01. The lines are
contours of constant flux ratio y labelled with their values of g. When ¢ = 0.1 the flux ratio y is
0.569; when ¢ = 0.2, ¥ = 0.567; when ¢ = 0.4, y = 0.588; when ¢ = 0.6, y = 0.612; when ¢ = 0.8,
y = 0.633; and, when ¢ = 1.0, y = 0.652.

The horizontal heat flux is obtained from the vertical heat flux by

m
Fpu =— 2 Fr, (4.13)
and the horizontal salt flux
m ..

The ratio of the horizontal fluxes is the same as the ratio of the vertical fluxes. It
is easily shown from (4.11) that the flux ratio is always less than one. Hence salt is
always transported faster than heat by this process.

The flux ratio given by (4.10) will be the appropriate value to use until salt fingers
and diffusive interfaces appear. We show in § 5 why these interfaces do appear. After
that stage it will be necessary to change the fluxes in order to include the presence
of the salt-fingering.
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5. The nonlinear solution

The full nonlinear governing equations are

0 0

5V YV HIW, V) = o (g(aT - fS) +rViy, (5.1a)
aaf+J(¢ T)+ a‘['T %;0 = kp V2T, (5.1b)
a8 W Wo o oo
a'{'J QZI,S)'F%SZ—&SI—KSV S, (516)

where the Jacobian is defined by

Ty.p) =t P

If the terms involving the Jacobian are removed from these equations then the
linearized equations are obtained. Since all the Jacobian terms vanish identically for
sinusoidal functions, any sinusoidal solution of the linearized equations will also
satisfy the nonlinear equations. This is a property that also occurs for salt fingers
(Huppert & Manins 1973 ; Holyer 1981). Therefore there is a solution to the nonlinear
equations (5.1) of the form

¥ = yye cos (kz+mz), (5.2a)
T = T e’ sin (kx +mz), (6.2b)
S = 8, ersin (kx+mz), (5.2¢)

where i, T, and S, are constants and we now suppose A is real, so we have a
non-oscillatory solution. Then (5.2) is a solution of (5.1) provided that

kT, —mT,

0= /\+K ,”/2 ¢’0 (53(1)
and = &
kS,—mS

0= _Aiksﬂ;‘ Yo, (5.3b)

and A satisfies the cubic equation (2.8).
We shall suppose that S,, ¥, and k are positive. There is no generality lost by
making these assumptions. Then, in order that A is positive we have, from (2.8),

p— m — .
S (kp—Kg) 7 < S, kp—aT} ks. (5.4)
k

The solution (5.2) satisfies the nonlinear equations for any values of k, m and A
that satisfy (2.8). If there is an initial disturbance in the fluid it will grow, via linear
theory, with one particular wavelength growing fastest. The other modes which grow
on the linear theory will be weaker than the fastest-growing mode. This solution can
then carry on growing indefinitely until it, in turn, becomes unstable. This view of
the growth from an initial disturbance is supported by the experiments of Ruddick
& Turner (1979) and Thorpe et al. (1969), where periodic layers are seen, rather than
many interacting modes. The growth-rate maximum is narrow enough that the
variation in the thickness of the layers is small.
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We now consider the case where 7, > 0 and S, < 0, so both temperature and
salinity are vertically stable. We also have k- > kg, 80 (5.4) implies that m < 0. Hence
we see from (5.3) that aTy and S, are both positive. The vertical temperature and
salinity gradients given by the nonlinear solution, including the background
stratifications, will be

T, = T,+ mT, e* cos (kx +mz), (6.5a)

8, = 8, +msS, e* cos (kx +mz). (5.5b)

Since T, > 0, 8, <0, mTy <0 and mS, <0, when the temperature stratification
decreases, the magnitude of the salinity stratification will increase and vice versa. For
that part of the wave with cos (kx+mz) negative (5.5) shows that the temperature
stratification increases and the magnitude of the salinity stratification decreases as
time passes until S, > 0 and T}, > 0. Under these conditions one expects salt fingers
to grow, starting at the level where cos (kx+mz) = — 1. For the part of the wave with
cos (kx +mz) positive, (5.5) shows that the temperature stratification decreases and
the salinity stratification increases until 7, < 0 and S, < 0. In this region one will
expect to see a diffusive interface. It is also easy to show from the velocity that warm
salty intrusions sink.

Hence, in one cycle of the solution, in which kx + mz changes by 2r, we expect there
to be a diffusive interface and a salt-finger interface. This is seen to occur in the
experiments of Ruddick & Turner (1979). The diffusive and salt-finger interfaces are
not seen in the Thorpe et al. (1969) experiment, because the sidewalls of their tank
prevent the interleaving from growing sufficiently.

The model presented in this paper will work until the salt-finger and diffusive
interfaces appear. After their appearance the additional fluxes due to the salt finger
will become important, as discussed by Toole & Georgi (1981). The salt fingers will
have a dominant effect on the fluxes, and salt will be transported more efficiently
than heat. This will change the apparent roles of the heat and the salt, because heat
is now transported more slowly than salt. One can see this effect by comparing the
Ruddick & Turner experiment with the Thorpe et al. experiment. In the Ruddick &
Turner experiment, where the horizontal gradient is initially very large near the
barrier, the salt-finger interfaces appear as soon as the interleaving appears, and the
interleaving slopes so that warm, salty intrusions rise and cold fresh ones sink. In
the Thorpe et al. experiment, where the horizontal gradient is close to linear across
the tank, salt fingers are not observed, and the interleaving slopes so that warm salty .
intrusions sink and cold fresh ones rise. Hence, if the salt fingers are providing the
dominant effect on the fluxes, the interleaving will slope down towards the hot salty
side of the front with warm salty intrusions rising and, if the interleaving has not
grown sufficiently for salt fingers to be present, the interleaving will slope up towards
the hot salty side of the front with warm salty intrusions sinking.

6. Conclusions

In this paper we have presented a stability analysis for an unbounded, vertically
stratified fluid which has compensating horizontal temperature and salinity gradients.
We have shown that this situation is unstable and have given equations (3.11) and
(3.12), which can be used to calculate the growth rate of the instability, its slope and
its wavelength. Figure 2 displays these results for the case where the fluid is stratified
with heat and salt, so o = 10 and 7 = 0.01. We have shown the direct mode nearly
always has a larger growth rate than the oscillatory mode. A solution to the full
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nonlinear problem is given. It shows that the interleaving will grow until salt-finger
and diffusive interfaces appear in each wavelength.

The equations (3.11) can be used to compare the theory with the experiment of
Thorpe et al. (1969). For the experiment shown in figure 11 of their paper all the
gradients are approximately linear and there is no vertical temperature, so a7} = 0.
Then, using (3.19)—(3.21), which are simplifications of (3.11) that apply in this special
case, we find that when 83,/8S, = —0.07 then q = 0.87, m/k = 44 and Ry = —1800.
This gives a wavelength, or layer depth, of approximately 2 cm, which is in good
agreement with the measurement. The results obtained from (3.11), using molecular
diffusivities, can strictly only be used in the early stages of interleaving, before
salt-finger and diffusive interfaces appear. It is possible that, even in the ocean,
interleaving could exist in this early stage. By observing the slope of the interleaving
it may be possible to deduce whether or not salt fingers should be seen on the
interfaces. One can obtain the order of magnitude of layer thicknesses that one
expects to see in the ocean when salt fingers are present by inserting appropriate eddy
diffusivities. This gives reasonable agreement with measurements of Schmitt & Georgi
(1982), Fedorov (1978), Horne (1978) and Gregg (1979).

This paper describes in detail the early stages of interleaving and shows why
salt-finger and diffusive interfaces appear. It is hoped it will be possible to develop
the model so that the salt-finger and diffusive interfaces are included, without
resorting to the crude approximation of using eddy diffusivities.

Appendix

In the analysis, we have supposed that the motion is two-dimensional. We show here
that a three-dimensional perturbation is equivalent to a two-dimensional pertur-
bation with the wavenumber of the three-dimensional motion (kcos@, ksinf,m)
replaced by (k,0,m) and the horizontal salinity gradient S, replaced by S, cosé.
Figure 2 shows that the maximum growth rate increases as the horizontal salinity
gradient increases. Hence, when o = 10 and 7 = 0.01 for any given values of 7}, S,
and S, the two-dimensional disturbance will have the largest growth rate, because
a three-dimensional disturbance is equivalent to a two-dimensional one with a smaller
horizontal salinity gradient. We believe the result is true for all values of o and 7,
but have been unable to prove the result in general.

For a three-dimensional disturbance the linearized equations are

Vu=0, Al
o=V Au, (A2)

‘o 2 5
m — V2w =V A (gZ(aT—f3)), (A3)
aa—Z’—KTV2T=—7~;w—7—’Iu, (A 4)
%?—KSV2S=—§Zw—§Iu, (A5)
pS, = oT, (A 6)

where % is a unit vertical vector. We look for a solution proportional to exp {ik*x + At},
with k = (kcos 8, ksin 6, m), so u = (u,, vy, w,) exp {ik* x + At}. Then the independent
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equations that can be obtained from (A 1)—(A 6) are

k cos Ouy+ k sin Ovy+ mw, = 0, (AT)
cos fv, = sin Gu,, (A 8)
(A +vp?) (ksin Ow,—muy) = glaTy— S,) ksin 6, (A9)
(At kg mt) Ty = — Ty = 2" (4 10)
(/\+Ksﬂ2)so=—§zwo—§xu07 (A 11)
where u? = k*+mt.
These equations then yield the characteristic equation
(A+vp?) A+&p ) A+ ks p2) p + Agh (2T, — BS,)

+gkuc g kp <i—T€ - g;%) +9gf8, cosO(kp—kg) kmu? =0. (A 12)

T s

Thisis the same as the characteristic equation (2.8) for two-dimensional perturbations,
but with 8, replaced by S, cos 6.
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